A paper focuses on the use of the efficient approach to three-dimensional (3D) exact solutions of electroelasticity for piezoelectric laminated plates. This approach is based on the new method of sampling surfaces (SaS) developed recently by the authors. We introduce inside the nth layer I n not equally spaced SaS parallel to the middle surface of the plate and choose displacements of these surfaces as basic plate variables. Such an idea permits the representation of the proposed piezoelectric plate formulation in a very compact form. This fact gives the opportunity to derive the 3D exact solutions of electroelasticity for thick and thin piezoelectric laminated plates with a specified accuracy utilizing a sufficient number of SaS, which are located at interfaces and Chebyshev polynomial nodes.
Introduction
Three-dimensional (3D) static analysis of piezoelectric laminated plates has received considerable attention during past twenty years. In this respect, the cross-ply lay-up was until very recently the most complicated material configuration for which relevant 3D analytical solutions were available in the literature (see, e.g. survey papers of Tauchert et al., 2000; Wu et al., 2008) . As it is known, there are three different approaches to 3D exact solutions of electroelasticity for piezoelectric laminated plates, namely, the Pagano approach, the state space approach and the asymptotic approach. The first approach (Vlasov, 1957; Pagano, 1969 Pagano, , 1970a was implemented for piezoelectric plates by Ray et al. (1992 Ray et al. ( , 1993 , Heyliger (1994 Heyliger ( , 1997 , Heyliger and Brooks (1996) , Kapuria et al. (1999) . The most popular state space approach was extensively utilized by Lee and Jiang (1996) , Bisegna and Maceri (1996) , Benjeddou and Deú (2001) , Vel and Batra (2000a,b) , Tarn (2002) , Zhong and Shang (2003) . The 3D electroelasticity solutions based on the asymptotic series expansion were obtained in contributions of Cheng and Batra (2000) , , Kalamkarov and Kolpakov (2001) , Reddy and Cheng (2001) , Vetyukov et al. (2011) . However, 3D exact solutions for piezoelectric laminated plates of general lay-up configurations cannot be found in the current literature; only developments for antisymmetric angle-ply laminates in the framework of 3D anisotropic elasticity are available (Noor and Burton, 1990; Savoia and Reddy, 1992; Kulikov and Plotnikova, 2012a) .
To solve such a problem, we invoke a new efficient method of sampling surfaces (SaS) proposed recently for single-layer shells Plotnikova, 2011b, 2012b) and laminated plates and shells Plotnikova, 2012a, 2013) . As SaS denoted by X ðnÞ1 ; X ðnÞ2 ; . . . ; X ðnÞIn , we choose outer surfaces and any inner surfaces inside the nth layer and introduce displacement vectors u ðnÞ1 ; u ðnÞ2 ; . . . ; u ðnÞIn of these surfaces as basic plate variables, where I n is the total number of SaS chosen for each layer (I n P 3). Such choice of displacements with the consequent use of Lagrange polynomials of degree I n À 1 in the thickness direction for each layer permits the representation of governing equations of the piezoelectric laminated plate in a very compact form. It is necessary to note that the term SaS should not be confused with such terms as fictitious interfaces or virtual interfaces, which are extensively used in layer-wise theories. The main difference consists in the lack of possibility to employ the polynomials of high degree in the thickness direction because in conventional layer-wise theories only the third and fourth order polynomial interpolations are admissible (see, e.g. Carrera, 2002 Carrera, , 2003 Carrera et al., 2011) . This restricts the use of the fictitious/virtual interfaces technique for derivation of 3D exact elasticity solutions. On the contrary, the SaS method permits the use of polynomials of high degree. This fact gives in turn the opportunity to derive 3D exact solutions for laminated composite plates with a prescribed accuracy employing a sufficiently large number of not equally spaced SaS.
It is important to mention that the developed approach with equally spaced SaS (Kulikov and Plotnikova, 2011b) does not work properly with Lagrange polynomials of high degree because the Runge's phenomenon can occur, which yields the wild oscillation at the edges of the interval when the user deals with any specific functions. If the number of equally spaced nodes is increased then the oscillations become even larger. Fortunately, the use of Chebyshev polynomial nodes (Burden and Faires, 2010) can help to improve significantly the behavior of Lagrange polynomials of high degree for which the error will go to zero as I n ? 1.
The present paper is also intended to show that the SaS method can be applied efficiently to the solution of aforementioned problems. The authors restrict themselves to finding five right digits in all examples presented. The better accuracy is possible of course but requires more SaS inside each layer to be taken.
Three dimensional description of laminated plate
Consider a piezoelectric laminated plate of the thickness h. Let the middle surface X be described by Cartesian coordinates x 1 and x 2 . The coordinate x 3 is oriented in the thickness direction. The transverse coordinates of SaS inside the nth layer are defined as
where x ½nÀ1 3 and x ½n 3 are the transverse coordinates of layer interfaces
is the thickness of the nth layer; the index n identifies the belonging of any quantity to the nth layer and runs from 1 to N, where N is the number of layers; the index m n identifies the belonging of any quantity to inner SaS of the nth layer and runs from 2 to I n À 1 , whereas the indices i n , j n , k n to be introduced later for describing all SaS of the nth layer run from 1 to I n . Remark 1. It is worth noting that transverse coordinates of inner SaS (1) coincide with coordinates of Chebyshev polynomial nodes (Burden and Faires, 2010) . This fact has a great meaning for a convergence of the SaS method.
The strain tensor is given by
where u i are the displacements of the plate. Here and in the following developments, Latin indices i; j; k; ' range from 1 to 3 while Greek indices a; b range from 1 to 2.
The strain components at SaS can be written as 
Next, we assume that displacements are distributed through the thickness of the nth layer as follows:
where L ðnÞin ðx 3 Þ are the Lagrange polynomials of degree I n À 1 expressed as
The use of (4) and (5) yields
where
are the derivatives of Lagrange polynomials, which are calculated at SaS of the nth layer as
for j n -i n ;
Thus, the key functions b ðnÞin i of the proposed plate formulation are represented according to (7) as a linear combination of displacements of SaS of the nth layer u ðnÞj n i . The following step consists in a choice of consistent approximation of strains through the thickness of the nth layer. It is apparent that the strain distribution should be chosen similar to the displacement distribution (5):
Description of electric field
The relation between the electric field and the electric potential u is given by
The electric field vector at SaS of the nth layer is written as 
Following a proposed SaS technique, we assume that the electric potential and the electric field vector are distributed through the thickness of the nth layer by
Fig. 1. Geometry of the laminated plate.
The use of (13) and (14) leads to a simple formula
which is similar to (7). This implies that the key functions w ðnÞin of the piezoelectric plate formulation are represented as a linear combination of electric potentials of SaS of the nth layer u ðnÞj n .
Variational formulation
The extended potential energy of the piezoelectric laminated plate (Tzou, 1993) can be written as follows: Substituting strain and electric field distributions (9) and (15) in (17) and introducing stress resultants
and electric displacement resultants
For simplicity, we consider the case of linear piezoelectric materials described as
where C ðnÞ ijkl , e ðnÞ kij and 2 ðnÞ ij are the elastic, piezoelectric and dielectric constants of the nth layer.
Inserting (22) and (23) correspondingly in (19) and (20) and taking into account strain and electric field distributions (9) and (15), we have
Now, the variational equation for the piezoelectric laminated plate in the case of conservative loading is written as
Remark 2. The proposed 3D variational formulation generalizes 6-and 9-parameter formulations for piezoelectric structures based on using the displacements of respectively two and three SaS Plotnikova, 2008, 2011a) . Table 2 Results for a piezoelectric three-ply plate with a/h = 4 under mechanical loading a Variable Exact I n = 3 I n = 5 I n = 7 I n = 9 I n = 11 Lage et al. (2004) . Fig. 2 . Distributions of transverse shear stresses, electric displacement and electric potential through the thickness of the three-ply plate subjected to mechanical loading for I 1 = I 2 = I 3 = 7: present analysis (-) and Heyliger (s), where z = x 3 /h. 
Invoking further the variational equation (27), we arrive at the system of linear algebraic equations
The linear system (31) can be easily solved by using a method of Gaussian elimination.
The described algorithm was performed with the Symbolic Math Toolbox, which incorporates symbolic computations into the numeric environment of MATLAB. The latter gave the possibility to derive the exact solutions of 3D electroelasticity for laminated orthotropic plates with a specified accuracy.
Square piezoelectric three-layer plate under mechanical loading
Consider a square plate subjected to the transverse load
The symmetric three-ply laminate with the stacking sequence [0/90/0] is composed of PVDF with material properties given in Table 1. The bottom and top surfaces are assumed to be electrically grounded. To compare the derived results with an exact solution (Heyliger, 1997) reproduced later by Lage et al.(2004) , one should set h ¼ 0:01 m and p 0 ¼ 3 Pa.
The data listed in Tables 2 and 3 show that the SaS method permits us to find the 3D exact solution for thick piezoelectric laminated orthotropic plates with a prescribed accuracy by using a sufficiently large number of SaS. Fig. 2 presents distributions of transverse shear stresses, electric displacement and electric potential in the thickness direction for different values of the slenderness ratio a/h employing seven SaS for each layer. These results demonstrate convincingly the high potential of the proposed piezoelectric plate formulation. This is due to the fact that boundary conditions 
Table 4
Results for a piezoelectric three-ply plate with a/h = 4 under electric loading c .
Variable
Exact I n = 3 I n = 5 I n = 7 I n = 9 I n = 11 
which help to assess the accuracy of fulfilling the boundary conditions for transverse stresses on the bottom and top surfaces of the plate. It is necessary to note that the proposed SaS method provides a monotonic convergence that is impossible with equally spaced SaS (Kulikov and Plotnikova, 2011b) .
Square piezoelectric three-layer plate under electric loading
Consider next the same square symmetric PVDF three-ply plate with the stacking sequence [0/90/0] subjected to electric loading
The bottom and top surfaces of the plate are assumed to be traction free. The derived results are compared with an exact solution (Heyliger, 1997; Lage et al., 2004) Tables 4 and 5 demonstrate again the high potential of the piezoelectric laminated plate formulation developed. Fig. 4 shows the distributions of transverse shear stresses, electric displacement and electric potential in the thickness direction for different slenderness ratios employing seven SaS for each layer. It is seen that the boundary conditions on the bottom and top surfaces and continuity conditions at layer interfaces for transverse stresses and electric displacement are satisfied properly. Table 5 Results for a piezoelectric three-ply plate with a/h = 10 under electric loading d .
Variable
Exact I n = 3 I n = 5 I n = 7 I n = 9 
3D exact solution for piezoelectric anisotropic plates in cylindrical bending
Herein, we study a simply supported piezoelectric laminated anisotropic plate in cylindrical bending. The boundary conditions of the plate with electrically grounded edges are taken as 
to simulate simple supports, where a is the width of the plate. In the case of a monoclinic piezoelectric material with poling direction coincident with the x 3 axis, we can search an analytical solution of the problem as follows: Table 6 Results for an angle-ply plate with a/h = 5 under mechanical loading. Table 7 Results for an angle-ply plate with a/h = 10 under mechanical loading. 
The external electromechanical loads are also expanded in Fourier series.
Substituting (36) and Fourier series corresponding to electromechanical loading into the extended potential energy (18) and (21) and allowing for (3), (7), (11), (12), (16), (24), and (25), one finds
The use of the variational Eq. (27) leads to a system of linear algebraic equations
The linear system (38) can be solved by a method of Gaussian elimination.
The described algorithm was performed with the Symbolic Math Toolbox, which incorporates symbolic computations into the numeric environment of MATLAB. This gave the possibility to derive the exact solutions of 2D electroelasticity for laminated anisotropic plates with a specified accuracy.
Angle-ply plate with attached piezoelectric layers under mechanical loading
A symmetric three-ply plate with the stacking sequence [45/ À45/45] is made of the graphite-epoxy composite and covered with PZT-5A layers of equal thicknesses on its bottom and top surfaces. This means that a five-ply plate with the stacking sequence [PZT5A/45/À45/45/PZT5A] is studied. The ply thicknesses are taken as h 1 = h 5 = h/8 and h 2 = h 3 = h 4 = h/4. The electromechanical properties of both materials are given in Table 1 . The interfaces between the substrate and piezoelectric plies are electroded and grounded.
The boundary conditions at outer surfaces are written as Table 9 Results for an angleÀply plate with a/h = 10 under electric loading. 
Tables 8 and 9 demonstrate again the high potential of the piezoelectric laminated plate formulation developed. Fig. 7 shows distributions of transverse shear stresses through the thickness of the plate and electric potential through the thicknesses of piezoelectric layers employing seven SaS for each layer. It is seen that the boundary conditions on outer surfaces and continuity conditions at layer interfaces for transverse shear stresses are satisfied correctly. Additionally, we represent in Fig. 6 (b) the logarithmic errors
which help to assess the accuracy of fulfilling the boundary conditions for transverse stress and electric displacement components on outer surfaces of a thick plate. It should be mentioned that the proposed SaS method also provides the uniform convergence for piezoelectric angle-ply plates in cylindrical bending subjected to mechanical and electric loads.
3D exact solution for antisymmetric piezoelectric angle-ply plates
Consider a simply supported antisymmetric angle-ply rectangular plate subjected to sinusoidally distributed transverse loading
or sinusoidal electric loading
It is well established (Noor and Burton, 1990; Savoia and Reddy, 1992) 
Substituting (45)- (47) in the total potential energy (18) and (21) and allowing for (3), (7), (11), (12), (16) Tables 10 and 11 show that the proposed formulation based on the SaS method can be applied efficiently to derivation of 3D exact solutions of electroelasticity for unsymmetric angle-ply plates. Fig. 8 displays the distributions of transverse shear stresses and electric displacement in the thickness direction for different slenderness ratios choosing seven SaS for each layer.
Unsymmetric angle-ply plate with attached PZT layers under electric loading
Finally, we consider a similar square plate [60/À60] made of the graphite-epoxy composite with PZT layers attached to its outer surfaces and polarized in opposite directions parallel to the thickness coordinate. It is also assumed that the interfaces between the substrate and PZT layers are electroded and grounded. The plate is subjected to electric loading distributed according to (46) with r = s = 1 and u 0 ¼ 1 V.
Tables 12 and 13 list the results of the convergence study by using a various number of SaS for thick plates. Fig. 9 presents the distributions of transverse stress components in the thickness direction for different slenderness ratios employing again seven SaS for each layer.
Conclusions
An efficient method of solving the static problems of 3D electroelasticity for piezoelectric laminated plates has been proposed. It is based on the new method of SaS located at the Chebyshev polynomial nodes inside the plate body and layer interfaces as well. The stress analysis of piezoelectric plates is based on the 3D constitutive equations and gives an opportunity to obtain the 3D exact solutions of electroelasticity for thick and thin piezoelectric cross-ply and angle-ply plates with a prescribed accuracy.
